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Coupled Euler/Boundary-Layer Method for Nonequilibrium,
Chemically Reacting Hypersonic Flows

S. Wiithrich* and M. L. Sawleyt
Ecole Polytechnique Fédérale de Lausanne, Lausanne, Switzerland

A coupled Euler/boundary-layer method to calculate hypersonic flows in chemical nonequilibrium is de-
scribed. Air chemistry is modeled by five species and a chemical scheme of 17 reactions. The coupled
Euler/boundary-layer method consists of the successive solution of two sets of equations of increasing order in
Re "2, where Re is the Reynolds number. It is shown that, with the inclusion of second-order terms, a good
matching of the calculated profiles at the interface between the inviscid and viscous regions can be obtained for
both the chemical and thermodynamical properties. In addition, it is demonstrated that second-order effects
play a major role in determining the surface coefficients for high Mach number flows. For hypersonic flow over
a sphere, excellent agreement is shown between the calculated values of the surface coefficients and those

determined from experiments.

Introduction

OR re-entry flows at sufficiently high altitude and Mach

number, the air in the region behind the bow shock is in
chemical nonequilibrinm. The numerical simulation of even
steady, laminar flow is very complex due to the different
chemical and flow time scales and to the large number of
variables and partial differential equations required to de-
scribe the chemical and thermodynamical quantities. Past ex-
periences have shown that simple physical models, which as-
sume the flow to be either nonreactive or in chemical
equilibrium, can lead to unrealistic predictions.! The use of
the full Navier-Stokes equations for nonequilibrium flow sim-
ulations is, however, at the limit of current capabilities in
terms of numerical algorithms, memory requirement, and
computational time. One simplifying approach that has been
adopted is to decouple the solution of the chemistry problem
from the flow dynamics.? Alternatively, many studies have
been undertaken that employ an approximate form of the
Navier-Stokes equations that neglects certain viscous terms,
such as viscous shock layer (VSL) or parabolized Navier-
Stokes (PNS) methods. The coupled Euler/boundary-layer
method described in the present paper can be viewed in this
vein; it provides an efficient, accurate, and computationally
inexpensive method that can account for the realistic modeling
of nonequilibrium chemical effects.

Coupled methods are based on asymptotic matching theory,
as described by Van Dyke.? For large Reynolds number Re,
the viscous effects are limited to a thin region near the body
surface described by the classical Prandtl boundary-layer
equations. These equations have been used extensively for the
analysis of viscous flow, due to both their simplicity and their
parabolic nature. It can be shown* that these equations consist
of the first terms of an asymptotic expansion of the Navier-
Stokes equations near the wall in terms of the small parameter
Re ~". A similar expansion can be made for the flow region
where viscous effects are small. This leads to two separate sets
of equations: one valid in an inner (viscous) region (the
boundary-layer equations) and another set of equations valid
in the outer (inviscid) region (the Euler equations). A match-
ing condition between the outer and the inner expansion has
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been proposed by Lagerstrom.’ To second order in Re ™",
additional terms are present and new boundary conditions
arise that account for the interaction between the inviscid and
viscous regions. These additional terms and boundary condi-
tions are necessary to calculate certain flows, such as thick
boundary layers with an external rotational flow .5’

The application of coupled methods has been the subject of
many previous studies, mainly for subsonic and transonic
flows.%? Early investigations that examined the influence of
second-order effects on hypersonic boundary-layer flow
demonstrated the necessity to account for the vorticity at the
edge of the boundary layer. This was generally achieved by an
ad hoc method associated with the concept of ‘‘streamline
swallowing.’’'%12 Although it has been shown that this
method can be employed with success for certain geometries,
more generality can be obtained by solving the Euler equations
for the flow in the outer (inviscid) region. To date, however,
coupled Euler/boundary-layer calculations of hypersonic
flows have generally considered only nonreactive flows or
flow in chemical equilibrium.!?-!¢ The present paper, which
treats nonequilibrium chemically reacting flows, is based on
previous work of the authors,'” extending the domain of appli-
cation by an improved procedure for the matching of the inner
and outer solutions. In addition, the method described in the
present paper solves both the boundary-layer equations and
the Euler equations to O(Re ~**). The present paper thus, to
the authors’ knowledge, is the first to report complete second-
order Euler/boundary-layer computations involving a consis-
tent nonequilibrium calculation for the viscous and inviscid
regions.

Among the advantages of coupled methods is the possibility
to solve for the different flow regions using methods that are
well suited to the local governing equations. Coupled Euler/
boundary-layer methods can therefore take advantage of the
wide existing base of experience in solving the Euler and
boundary-layer equations using efficient and robust numerical
techniques. This is particularly important for the industrial
application of this method as a design tool. Thus, in many
circumstances, the coupled Euler/boundary-layer method is
preferred to other computationally efficient methods, such as
the VSL or PNS methods.

It should be borne in mind, however, that the boundary-
layer method—as well as the VSL and PNS methods—is based
on a space-marching procedure in the streamwise direction.
Regions of flow separation cannot therefore be treated except
by the use of special techniques. One of the principal motiva-
tions for the application of a coupled Euler/boundary-layer
method to hypersonic flows is the determination of the heat
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fluxes on the surface of re-entry vehicles. Since the maximum
heating generally occurs on the windward surface where a
space-marching method can be applied, the limitation to at-
tached flows is not overly severe.

Recently, it has been shown!? that, given identical physical
and chemical models, the coupled Euler/boundary-layer
method and the thin-layer Navier-Stokes method can provide
very comparable flow solutions. This comparative study has
confirmed the assertion that the computation time required
for the coupled Euler/boundary-layer method is significantly
less than required for even the thin-layer Navier-Stokes
method.

Physical Modeling
The air in the flow region is considered to be a mixture of
five species (N,, O,, NO, N, and O), each species being as-
sumed to behave as a perfect gas. The pressure and enthalpy
of the mixture are then given by

Y,
=pRTY =2,
p=e SEMS

h=YY h (T) 1)
s

where Y, is the mass fraction (Y; = p,/p), ks the enthalpy, and

M, the molar mass of species s. The enthalpy of each of the

constituent species is written as a polynomial function of

temperature having the following form:

hs a5 az s ays as ¢ Qg ¢
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The coefficients a; s, obtained from the fitting of theoretical
data valid for temperatures up to 25,000 K (Ref. 19) are listed
in Table 1. In Eq. (2), R, = R/M; is the gas constant for
species §.

For the general system of m reversible chemical reactions,

kbk
Yva A, 2 As, k=1,...,m
s kf,k s

where A, denotes the chemical symbol of species s, and v,
denotes the stoichiometric coefficients for species s corre-
sponding to the reaction k. The rate of chemical production or
destruction of a species s is given by

: (b Y\
oy = M, kgl(v"" - V&) ke o™ TH{ —

i Mi
1 Y; 02k = viK)
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Here, the forward and backward reaction rate constants for
reaction k are denoted by k;, and k., respectively.

In the present study, a chemical reaction scheme consisting
of 17 reactions was employed.?® The forward reaction rates are
calculated from a modified Arrhenius equation:

kf,k=Bk Tk g —E/T (4)
The backward reaction rates are determined via the equi-
librium constants K, which are obtained using a fourth-or-

der polynomial fit of experimental spectroscopic data:

ki
Kc,k

kb,k =

K i (T) = exp(A; + AsZ + A3Z* + A 2% + AsZ% &)

where Z = (10*/T). The coefficients By, o, and E; for the
forward reaction rates and the coefficients 4;, i =1, ..., 5,
for the equilibrium constants are as given by Park.?

The transport coefficients for viscosity p, thermal conduc-
tivity A, and multicomponent diffusion are obtained using the
model of Straub,?! which is based on a simplification of the
general Chapman-Enskog theory. This model assumes that the
molar weights of all molecules are the same (M), = 30 kg/
kmole) and similarly for the molar weights of atoms (M4 = 15
kg/kmole). This assumption reduces the number of binary
diffusion coefficients from 11 to 3 and thus simplifies the
calculation of the 20 multicomponent diffusion coefficients.
The viscosity of the gas mixture is related to the viscosities of
the constituent species by the semiempirical relation of
Wilke.?2 The thermal conductivity of the mixture consists of
two parts: a translational part that is calculated as if all of the
constituent species were monoatomic and a part that accounts
for the internal degrees of freedom of molecules. The contri-
bution to the thermal conductivity of the mixture resulting
from chemical reactions®® is not considered in the present
study.

Basic Equations

Inner Region

Using a body-oriented coordinate system, with x denoting
the tangential direction and y the normal direction, the
boundary-layer equations correct to second order in Re ~*
can be written as follows*:

Species continuity equation:

u dY Y, . 10
P TP ays=ws—E$(Rp Y, Vy)—kp Y V,5(6)

Global continuity equation:

i(Rpu)+i(Hva)=0 @)
ax ay

Table 1 Polynomial coefficients used to calculate the thermodynamic properties of the constituent species of air
(for each species, the upper row corresponds to the temperature range 300-5,000 K and the lower row to the range 5,000-250,000 K)

Species ai az a3 a4 as as ar

Nz 3.1537¢+ 00 9.9452¢—04  —2.4649¢ - 07 2.0863e— 11 —3.2876e—18 —9.8236e+ 02 4.8001e+00
7.7777e+00  —1.1912¢-03 1.2541e-07 —3.0949e-12 —2.1690e—20 —8.5376e+03 —2.7306e + 01

(0] 3.2670e + 00 1.1324e - 03 —2.7934e - 07 2.5253e—~11 2.0093e—17 —1.0243¢+03 5.7227e+ 00
2.2893e + 00 6.7967e—04  —2.3506¢ — 08 1.1871e—13 —5.3044¢ - 20 2.8033¢+03 1.4166e + 01

NO 3.2374e+ 00 1.0949¢ — 03 —3.0406e - 07 2.7880e — 11 5.808% — 18 9.8555¢+03 6.5913e+00
5.7368¢+00 —4.6021e—04 5.2982¢ — 08 —1.2892¢—-12  —1.3044e—20 6.4811e + 03 -1.0167¢+01

N 2.4957e+ 00 2.3583¢-05 —2.3125¢-08 6.3101e—12 1.7852¢~19 5.6165¢+ 04 4.2146e + 00
1.3388e+ 00 4.2074e - 04  —2.9324¢-08 9.1878¢—13 4.3496¢ — 20 5.8083¢ + 04 1.2384e+01

(@] 2.6428¢+00  —1.7596e 04 6.0750e ~ 08 ~5.2372e—-12  —5.0993¢—18 2.9215¢ +04 4.3691e+ 00
2.3584e+ 00 8.8833¢ - 05 —9.4390e — 09 4.5843¢—13 1.7023e - 20 2.9356e + 04 6.1065e + 00
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X momentum equation:

<u6u du > 1 adp
+v—+xuv -
H ax H

+11<R @>+ <zz au) .
R oy “ay “ay ay ®)

y momentum equation:

pKuUP=—— &)

a
5—<h+‘/zu2>

] - x[u— (pu)+ Qy] (10)

Energy equation:

u a4
—_—— 1 2
o 6x<h+/2u>

19
=—— | R
Ray[(

In the previous equations,

H=1+«(x)y = [r(x) + y cos 8(x)}"

where «(x) is the inverse longitudinal surface radius of curva-
ture, r(x) the body radius, #(x) the angle between the body
surface and the freestream direction, and m = 0 for planar
flow and 1 for axisymmetric flow. Equations (6-10) are valid
if the local inverse radius of curvature is of order less than or
equal to Re~"; that is, ©(1/«k) < 0O(5), where & is the
boundary-layer thickness. Thus, these equations can be ap-
plied to flows of interest for which the boundary-layer concept
is valid and exclude the case of ‘“‘curvature dominated’’ flow.!6
The energy flux in the normal direction is the sum of the
conductive and diffusive heat fluxes; that is,

oT
q, = - )\a— + pEYs he Vs (11)
'y s

where V), ; is the diffusion velocity in the normal direction for
species s.

It can be noted that, if the longitudinal curvature effects are
of O(Re ~'/?), the previous equations to O(1) reduce to the
classical Prandtl boundary-layer equations. The additional
terms that arise in the second-order boundary-layer equations
may be assigned physical interpretations that can be divided
into the following three categories’: surface curvature effects
(longitudinal and transverse), interaction with external flow
(external vorticity and normal pressure gradients), and rar-
efied gas effects (velocity slip and temperature jump at the
wall) that are not considered here.

In the present study, only three species equations are solved,
the mass fractions of the other two species being determined
from the resolution of the continuity equation for the mass
fraction of elemental nitrogen, Zy = Yy + Yn, + (My/Mpyg)
YNol

(74 azN d
Pu—a—+ 3 e Y Vyn+ YN, Von,
My
+ EN_O YNO Vy,NO = 0 (12)

and the conservation of species -
Yy, =1
s

The absence of a source term in Eq. (12) simplifies its numer-
ical solution.

It is common to assume that Fick’s law is valid for the
high-temperature air mixture, with only binary diffusion being

considered. If all species have the same Lewis number, it can
be shown that the mass fraction of the elemental species is
constant across the boundary layer.!® In the present study,
despite the simplification of the Straub model, multicompo-
nent diffusion is, however, retained; thus variations of the
mass fraction of the elemental species across the boundary
layer are treated.

The boundary condition at the wall for the flow velocity is
taken to be the usual no-slip condition (# = v = 0). For the
species continuity equations, two different wall conditions
have been considered: a fully catalytic wall for which the
chemical reactions at the wall are assumed to be catalyzed at a
sufficiently high rate so that the mass fractions attain local
equilibrium values and a noncatalytic wall for which no chem-
ical reactions occur and hence there is no diffusion of any
species at the wall. A fixed value for the wall temperature is
imposed in the present study.

The pressure across the first-order boundary layer is given
by the surface pressure determined from the Euler calculation.
Given the stagnation point enthalpy, Egs. (7) and (10), ne-
glecting the normal gradients and second-order terms, can
then be employed to calculate the enthalpy and tangential
velocity along the entire boundary-layer edge. To determine
the required mass fractions for a nonequilibrium boundary-
layer flow, the classic paper of Fay and Riddell** assumes the
flow at the edge of the boundary-layer stagnation line to be in
local chemical equilibrium. For thick boundary layers, how-
ever, this assumption is generally not valid. In the present
study, the species mass fractions at the edge of the boundary-
layer stagnation line for the first-order calculation are there-
fore set to the surface values obtained at the stagnation point
from the first-order Euler calculation. Equation (6), neglect-
ing the normal gradients and second-order terms, can then be
used to calculate the mass fractions along the edge of the
boundary layer. Consistent with the neglect of diffusion in the
outer inviscid region, the mass fraction of elemental nitrogen
at the edge of the boundary layer is set equal to its freestream
value Zy, = Zno = 0.769.

For the second-order calculation, the required values of
pressure, enthalpy, tangential velocity, and species mass frac-
tions at the viscous-inviscid interface are obtained by interpo-
lation of the results of the Euler calculation.

Outer Region

The flow in the outer (inviscid) region is governed by the
Euler equations that can be written in conservative form in an
(X,Y) Cartesian coordinate system as follows?*:

2 d d
—w +—F +—-G = 13
W tax ) w) 13)
where
st stU
o oU
w=|pU/|, Fw)= pU+p
oV oUV
oE U(pE + p)
oYV @s
oV 0
G(w)= oUV , =10 14)
pVZi4p 0
V(pE + p) 0

In the previous equation, E is the total energy defined as
E = e + (U? + V?/2 where e is the internal energy. To first
order in Re ~ 12, these equations reduce to the Euler equations
with the familiar boundary condition of zero normal velocity



WUTHRICH AND SAWLEY: CHEMICALLY REACTING HYPERSONIC FLOWS 2839

at the wall. It can be observed that, to second order, the
equations have the same form as the classical Euler equations
since no viscous terms appear, these being of third or higher
order.* The matching principle between the inner and outer
regions applied to the second-order equations gives rise to
displacement effects associated with the influence of the
boundary layer on the inviscid flow region. It has been
shown?6 that displacement effects can be accounted for in the
inviscid calculation through the concept of an ‘‘equivalent
source’’ at the wall. This source can be written in the form of
a normal component of velocity at the wall, which is related to
the first-order mass flow at the wall by

1 3
V) = o ax (r pe e &) (15)

Pe

where the subscript e denotes the edge of the boundary layer
and 6, is the displacement thickness given by

5
5 = j (1— "”>dy
0 Pe U,

For nonequilibrium chemically reacting flows, only three
partial differential equations for the mass fractions are re-
solved; the mass fractions of both elemental nitrogen and
oxygen are constant throughout the inviscid region and equal
to their freestream values.

Numerical Method

Inner Region

The second-order boundary-layer equations, Egs. (6-10),
are solved using a fully implicit, finite difference scheme.
First-order spatial differences are used for the convective
terms, whereas the diffusive terms are discretized by second-
order differences. Since the second-order boundary-layer
equations are parabolic in nature, they are solved using the
same space-marching technique as generally employed to re-
solve the first-order boundary-layer equations. An uncoupled,
iterative approach is employed using a primitive variable for-
mulation, without the use of any similarity transformation.
The global continuity and x momentum equations are first
solved simultaneously, with the y momentum equation used to
update the pressure. The species continuity equations are then
solved simultaneously, followed by the energy equation. To
account for coupling between equations, iterations are per-
formed at each station along the flow direction until the
desired level of convergence is obtained.

Being strongly dependent on the temperature and the spe-
cies mass fractions, the source term in the species continuity
equations can generally not be treated explicitly. It has there-
fore been suggested®” to split the source term into two parts:
the terms proportional to the mass fraction considered are
then treated implicitly whereas the remaining terms act as
explicit source terms. The drawback of this technique for an
uncoupled approach is that convergence is only ensured for
small changes of the mass fraction, and thus a fine computa-
tional mesh is generally required. Moreover, whereas the sum
over all of the source terms is equal to zero, the sum over each
of the implicit and explicit parts of the source terms are
nonzero: this can lead to an accumulation of errors and asso-
ciated negative values for the mass fractions. In the present
study, the source terms are linearized in the iteration number
N in the following manner:

dap !
N _ o N—1 r
Wy = W +E ayN-1
r r

(YY-YM (16)

with the term proportional to Y7 then treated implicitly. This
procedure has been found not to require a fine mesh and
provides an efficient and robust method over the entire hyper-
sonic range.'® 28 A similar procedure, based on a spatial lin-

earization in the streamwise direction, has been employed with
success for a fully coupled approach.?®

The term in Eq. (6) related to species diffusion across the
boundary layer is a second-order derivative in the normal
coordinate. However, when expressed in terms of the diffu-
sion velocity, the highest order derivative is of first order, the
diffusion velocity being calculated from the previous global
iteration cycle (as is necessary for the treatment of multicom-
ponent diffusion). The order of the equation is therefore
artificially reduced, leading to a difficulty in the imposition of
all of the boundary conditions. One possible approach to
overcome this difficulty is to express the diffusion velocities in
terms of the mass fraction gradient by means of binary diffu-
sion, through the application of Fick’s law. However, since
Fick’s law is strictly only valid for binary mixtures, the appro-
priate diffusion coefficients for a multicomponent mixture are
not well defined. To determine the diffusion coefficients, a
constant Lewis number (independent of species) throughout
the flow is often assumed. These approximations, although
not rigorously justified, have nevertheless been shown® in
some cases to provide a good evaluation of the boundary-layer
properties. A second approach, adopted in the present study,
involves recovering a second-order derivative in the species
continuity equation by adding to both sides a term propor-
tional to the second derivative of the species mass fraction.!®
The influence of this term vanishes for the required converged
solution. The continuity equation for elemental nitrogen, Eq.
(12), is resolved in the same manner.

To initiate the space-marching procedure, an initial profile
is required. For flow over a blunt body, the x momentum
equation in the form of Eq. (8) cannot be applied to the
stagnation line, since the tangential velocity is zero,
u(0,y) = 0. A possible solution to this problem is to calculate
a similarity solution at a close distance from the stagnation
line. This technique has been widely used in the past’! but is
not very efficient because of the necessary transformation of
the coordinate system. In the present study, the tangential
velocity along the stagnation line has been normalized to its
edge value: u(x,y) = u, (x)U(x,y), where u.(0) = 0. Applica-
tion of the symmetric condition at the stagnation line then
allows the boundary-layer solution to be obtained in terms of

Ux,»).

Outer Region

The Euler equations are discretized using a space-centered
finite volume scheme. Both second- and fourth-order artificial
dissipation terms are added to avoid spurious oscillations in
the vicinity of discontinuities and to suppress odd/even oscil-
lations. The external bow shock is determined using a shock-
fitting procedure, with internal shocks being captured by the
numerical scheme. The time integration of the discretized
Euler equations is carried out using an explicit fourth-order
Runge-Kutta scheme.?® The flow at the outflow boundaries is
assumed to be supersonic, with an extrapolation providing the
necessary conditions.

It has been shown?’ that no special procedures are required
to treat the chemical source terms in the species continuity
equations. The time step used in the Runge-Kutta time integra-
tion procedure is the minimum of the chemical and fluid
dynamical time steps. The chemical time step is defined as

. da ]-‘
Aflepery = min amn
e 15555[6@&)

whereas the fluid dynamical time step is the minimum time
step for all cells:

Al At
Atfyig = min <_L.__L1" I'J > (18)
all ) \AL; + Ay,
where
S;; Si;
Al ==L, At ==
YN YN
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where §;; is the area of cell ¢, j), and N; and N/, are the
spectral radii in the I and J directions, respectively. .

For the shock-fitting procedure, the chemical composition
is considered to be frozen across the shock wave. Since the
shock wave is assumed to be infiritesimally thin (in reality,
only a few mean free path lengths), there is insufficient time in
traversing the shock for chemical reactions to take place; the
composition of the air downstieam of the shock wave is thus
the same as that upstream. The variables behind the shock
wave can therefore be calculated in a similar manner to the
shock-fitting procedure employed for a nonreacting flow.

At the wall, the only physical boundary condition to impose
is the value of the normal component of velocity. For the
first-order calculation, this value is zero, and hence so are all
the normal fluxes. It is thus only necessary to evaluate the
contribution of the pressure to the convective flux. For the
second-order calculation, however, the normal component of
velocity at the wall is given by Eq. (15). The normal fluxes at
the wall are therefore nonzero, and the physical quantities
have to be evaluated at the wall. For both the first-order and
second-order calculations, the required values of the physical
quantities at the wall are obtained by linear extrapolation
from the computational domain.

Coupling Procedure

The coupling method is a four-step procedure that succes-
sively resolves a set of equations of increasing order in Re ~1/2,
The first-order Euler equations are first solved for the flow
quantities in the outer inviscid region. The calculated surface
pressure and the stagnation point values of mass fractions are
then used to resolve the first-order boundary-layer equations.
From the results of the latter calculation, the location of the
viscous-inviscid interface is determined, as well as the equiva-
lent source terms at the wall required for the second-order
Euler calculation. Following the second-order Euler calcula-
tion, a computational mesh for the new inner region (defined
as region between the wall and the viscous-inviscid interface) is
then constructed to perform the second-order boundary-layer
calculation. As mentioned earlier, the required boundary val-
ues at the interface are obtained from the second-order Euler
calculation by interpolation.

It should be noted that the present method is consistent, to
second order in Re ~1/2, with the asymptotic matching theory
of Van Dyke.? However, rather than expressing the values of
the required flow quantities at the viscous-inviscid interface in
terms of a Taylor expansion of the inviscid flow values at the
wall,!” the interpolated values at the edge of the boundary
layer are used. This procedure yields a good matching of the
inner and outer solutions even if the inviscid flow solution has,
for example, variable vorticity throughout the boundary-layer
region. !t

The choice of the location of the viscous-inviscid interface
for the second-order boundary-layer calculation is somewhat
arbitrary, since the definition of the boundary-layer edge is

30,
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Fig. 1 Plots of a) boundary layer thickness 8, , and b) percentage
change of the skin friction coefficient ACy for three angles (30 deg:
O, 45deg: [ ], and 60 deg: A ) as a function of 100 — ¢, where ¢ varies
from 80 to 99.9.

not unique. It is usual to define the boundary-layer thickness
8.9 as the distance at which the tangential velocity u of the
first-order boundary-layer solution equals 99% of its limiting
value u,. A study has been undertaken to determine the influ-
ence of this parameter on the computed boundary-layer flow.
We define the quantity ACs(g, X) as the percentage change of
the skin friction coefficient C; [defined by Eq. (19)] at the
location X, calculated with the viscous-inviscid interface at a
distance 8, , from the wall, relative to the value of C; calcu-
lated with the interface at 8, go.

As an example of the influence of the interface location on
the computed boundary-layer flow, we present here results
obtained for flow over a sphere at M, = 12.7 with the
freestream conditions listed in the following section. Figure 1
shows the calculated values of §,, and ACy(o, X) for three
different angular positions as a function of the parameter
(100 — o) where ¢ varies from 80 to 99.9. From Fig. 1b it can
be observed that a choice of the interface location too close to
the wall (e.g., 0<98) leads to large increase in the calculated
skin friction coefficient. Although not shown in Fig. 1b, an
interface location chosen to be too distant from the wall also
leads to large errors in Cy. Between these two extremes a
“plateau’’ region can be observed for which the calculated
values of C; are essentially independent of ¢. A study of
different flow cases has revealed that the extent of this plateau
region depends on the thickness of the boundary layer relative
to the shock layer. For the flow conditions considered here,
the boundary layer is relatively thin, and hence the plateau
region is large. For thick boundary layers (as are present for
high Mach number, high-altitude re-entry flows), the plateau
region, although being much narrower, has been found to
have roughly the same upper (in terms of 100 — ¢) border. An
optimum position of the viscous-inviscid interface, which can
be generally applied to different flow cases, is then the
smallest distance from the wall that produces a calculated
boundary-layer flow that is essentially independent of o. For
this reason, a value of 8§, ¢ has therefore been chosen for the
location of the interface.

In the present study, the tangential velocity u# has been used
to determine the boundary-layer thickness. However, differ-
ent boundary-layer thicknesses can be defined with reference
to the normal profiles of other first-order boundary-layer
quantities. An investigation has revealed that the temperature
and total enthalpy profiles (with an appropriate choice of o)
can also be employed to provide a suitable location of the
viscous-inviscid interface.

It has been observed™® that, for flows in chemical nonequi-
librium, the results of Euler calculations are inherently inaccu-
rate in a narrow *‘‘chemical layer’’ in the close vicinity of the
wall. For the coupled method described in the present paper,
it is therefore important to note that the second-order
boundary-layer calculations require only the values of the
inviscid quantities at the interface. Since the chemical layer
has been shown to be of much smaller extent than the
boundary layer, this inaccuracy is not reflected in the com-
puted boundary-layer results.

The matching procedure employed in the coupling method
described in this paper enforces continuity of the pressure,
enthalpy, tangential velocity, and species mass fractions (and
hence density and temperature) at the viscous-inviscid inter-
face. However, since there is no matching condition required
for the normal component of velocity, continuity of the local
Mach number is not guaranteed. In addition, continuity of the
derivatives of the flow quantities across the interface is not
ensured. The extent to which all of the flow quantities and
their derivatives are continuous across the interface (as is
physically required) is a measure of the validity of the neglect
of higher order terms in the expansion of the governing equa-
tions.

Finally, the previously described coupling method requires
both first-order and second-order boundary-layer and Euler
calculations to be performed in a consecutive manner. Thus, a



WUTHRICH AND SAWLEY: CHEMICALLY REACTING HYPERSONIC FLOWS 2841

larger computation time is required than for a first-order
calculation alone. It should be noted, however, that the sec-
ond-order Euler calculation is initiated using the first-order
result, leading to a computation time for both Euler calcula-
tions that is less than twice the time used for only the first-or-
der calculation. In addition, each of the boundary-layer calcu-
lations requires significantly less computation time than an
Euler calculation to obtain a comparable degree of accuracy.

Numerical Examples

The coupled Euler/boundary-layer method described in the
previous sections has been applied to a number of different
flow cases of interest. To illustrate this application, nonequi-
librium hypersonic flows over both a double ellipse and a
sphere are considered in some detail in the following sections.

For all of the test cases presented here, a series of computa-
tions has been performed using different size meshes to ascer-
tain that a mesh-independent solution has been obtained. The
results are presented for the finest meshes considered; essen-
tially identical results have been obtained using coarser meshes
with half the number of mesh points.

Flow over a Double Ellipse

The double ellipse geometry, which has been considered for
a series of test cases at the recent Workshop in Hypersonic
Flows for Reentry Problems, is defined as follows33:"

X \2 Y \2
_ - =1 =<0,
(0.60> + <o.15> X=0
X >2 Y )2
=) +(—=]) =1
0.35 0.25

The double ellipse section is extended by a flat plate of length
0.16 m. Calculations have been undertaken for flow at an
angle of attack of 30 deg, with the following conditions:
M,=25Re,=22x10°m~!, T, = 56K, and T,, = 1500 K.

The freestream conditions for this flow case have been
chosen so that strong nonequilibrium chemical effects take
place with a high level of molecular dissociation. Since the
Reynolds number is relatively low, the boundary layer is thick,
and second-order effects can be expected to play an important
role in determining the flow characteristics. Nonequidistant

X=0,Y=0

a) 06 05 04 03 02 01 00 [}

b)

Fig. 2 Contour plots of a) pressure coefficient and b) temperature
for flow over the double ellipse. Line spacing: AC, =0.1; AT =500 K.
Viscous-inviscid interface, ----<- .
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Fig. 3 Normal profiles for flow over the double ellipse of a) pres-
sure, tangential velocity, density, and temperature; and b) and c¢)
species mass fractions. Plots a and b are for a fully catalytic wall and
plot ¢ is for a noncatalytic wall. Second-order coupled solution, —;
first-order inner region, ----- ; outer region: first-order, — — —;
second-order, - - - . The location of the viscous-inviscid interface is
indicated by ------ .

meshes of 180 X 50 points for the Euler calculations and
200 x 100 points for the boundary-layer calculations were
used.

Contour plots of the pressure coefficient and temperature
calculated throughout the flow region using the coupled Eu-
ler/boundary-layer method are shown in Fig. 2. For this flow
case, the viscous region occupies about 40% of the shock
layer. Since the present method cannot be applied to regions
of strong viscous-inviscid interaction, the boundary-layer cal-
culations have not been undertaken on the upper surface of
the body. It should also be noted that, although the angle of
attack is 30 deg, the position of the stagnation point deter-
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mined by the Euler calculation is at the angle of about 35 deg.

This effect, due to the curvature of the stagnation line, leads

to only a slight inaccuracy in the initial solution of the second-

order boundary-layer calculation (which assumes a straight
. stagnation line).

The results of both first-order and second-order calcula-
tions are presented in Fig. 3, which shows profiles of the flow
quantities calculated for a streamwise station midway along
the ellipse section at X = — 0.3 m. Although the results shown
in Fig. 3a were obtained assuming a fully catalytic wall, very
similar profiles were calculated for a noncatalytic wall. On the
contrary, a comparison of the profiles of the species mass
fractions shown in Fig. 3b (for a fully catalytic wall) and Fig.
3¢ (for a noncatalytic wall) reveals large differences.

Figure 3a clearly shows that the inclusion of second-order
terms has a strong influence on the boundary-layer calcula-
tion. In particular, although the pressure employed for the
first-order calculation is constant across the boundary layer,
normal pressure gradients are observed in the second-order
profile arising from the longitudinal surface curvature.!!”
Similarly, to first order the flow at the edge of the boundary
layer is irrotational, whereas second-order effects are shown
to account for the presence of vorticity at the interface. The
influence of second-order effects on the inviscid flow is seen to
be much less significant. Accounting for displacement effects,
however, is shown to lead to an increase of about 4% in the
shock-layer thickness.

Substantial differences in the profiles of the species mass
fractions can be observed as the result of the inclusion of
second-order effects. Figure 3b shows that a fully catalytic
wall with the chosen wall temperature produces a recombina-
tion of molecular nitrogen and oxygen across the boundary
layer; the recombination in the vicinity of the interface is,
however, significantly higher for the second-order calculation.
The first-order results obtained for a noncatalytic wall (Fig.
3¢) shows that the gradients in the species mass fractions
across the boundary layer are negligibly small. However, sec-
ond-order effects are seen to lead to mass fraction gradients,
as well as an enhanced recombination in the boundary-layer
region. These changes are associated with the observed in-
crease in the calculated temperature of the boundary layer as
a result of the influence of second-order effects.

Figure 3 clearly demonstrates that, with the inclusion of
second-order effects, an excellent matching of the inner and
outer solutions can be obtained. It can be observed that,

p) oo

Fig. 4 Values of 2) pressure coefficient, b) Stanton number, and c¢)
skin friction coefficient calculated along the surface of the double
ellipse. Fully catalytic wall: first-order ——, second-order, ----- ; non-
catalytic wall: first-order, — — —, second-order, ----- .
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Fig. 5 Mass fractions calculated at the viscous-inviscid interface for
flow over the sphere for species: N2,——; O2,----- s NQ, == s Ny — —
—; and O, —-—,

despite the thickness of the boundary layer, not only the
thermodynamical and chemical quantities are continuous
across the interface (as imposed) but also are—to a surpris-
ingly large degree—their derivatives. As mentioned in the
previous section, this provides a measure of confidence in the
accuracy of the method.

Figure 4 shows plots of the surface pressure coefficient C,,
Stanton number St, and skin friction coefficient Cr defined as
follows:
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St =

where Ty, is the total enthalpy divided by the freestream
specific heat. Figure 4 shows the surface coefficients calcu-
lated from both first-order and second-order theories for both
fully catalytic and noncatalytic wall conditions.

Since the pressure gradients across the shock layer are small
(as shown in Fig. 3a) and insensitive to the wall catalyticity,
only a slight difference is observed between the surface pres-
sure coefficients shown in Fig. 4. The inclusion of second-or-
der effects, however, results in a large increase in both the
Stanton number and the skin friction coefficient, for both
fully catalytic and noncatalytic wall surfaces. These increases
are associated with the strong modification of both the tem-
perature and tangential velocity profiles in the boundary-layer
region, as observed in Fig. 3a. At the maximum value of skin
friction, there is an increase of 25% between the first-order
and second-order calculations. For the Stanton number, the
influence of second-order effects is greater for a noncatalytic
wall than for a fully catalytic wall. This is because, for a fully
catalytic wall having a fixed temperature, almost identical wall
values of mass fraction are obtained from the first-order and
second-order calculations. (Note that the sharp feature ob-
served near X = 0, particularly in the C, and Cy values, is
caused by the discontinuity of the surface radius of curvature
at this location.)

Flow over a Sphere

For this flow case, a sphere of 50 mm radius has been
considered with the following conditions: M, = 12.7, Re, =
43x10°m~!, T = 196 K, and T,, = 300 K. These conditions
have been chosen to allow a comparison with the experimental
shock tunnel results reported by Olivier et al.3* The freestream
enthalpy for this flow case is much lower than that of the
previous case; hence the level of molecular dissociation in the
flow region is expected to be much lower. In addition, as a
result of the higher Reynolds number, second-order effects
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Fig. 6 Contour plots of a) pressure coefficient and b) temperature
for flow over the sphere. Line spacing: ACp =0.1; AT =500 K. Vis-
cous-inviscid interface, ------ .
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Fig. 7 Values of a) pressure coefficient, b) Stanton number, and c)
skin friction coefficient calculated along the surface of the sphere.
Fully catalytic wall: first-order, ——, second-order, ----- ; moncata-
Iytic wall: first-order, — -— —, second-order, ----- . The open circles
indicate the experimentally measured values of C, and S¢.3¢

should also be more modest. Nonequidistant meshes of
100 x 50 points for the Euler calculations and 200 x 100
points for the boundary-layer calculations were used for this
flow case.

To gauge the extent of dissociation for this flow case, Fig.
5 shows the mass fractions of each species calculated at the
viscous-inviscid interface. This plot indeed shows that, for the
flow conditions considered, there is a modest dissociation of
N; and O, into NO and O. However, the temperature of the
flow is not sufficiently elevated to cause a noticeable produc-
tion of atomic nitrogen.

Contour plots of the pressure coefficient and temperature in
the flow region around the windward surface of the sphere,
calculated using the coupled Euler/boundary-layer method,
are given in Fig. 6. These plots indicate that the viscous region
occupies only about 15% of the shock-layer region.

Figure 7 shows the calculated values of the surface coeffi-
cients, for both fully catalytic and noncatalytic wall surfaces.
A maximum increase of 20% is found for the skin friction
coefficient between first-order and second-order calculations,
whereas the increase in Stanton number is about 10%. Only
slight differences are observed between the results obtained
for fully catalytic and noncatalytic wall surfaces, due to the
low level of dissociation. Also shown in Fig. 7 is the experi-
mentally measured values of C, and S¢, the surface of the
sphere being considered to be essentially fully catalytic. From

this figure, it can be observed that accurate determinations of
both the pressure coefficient and Stanton number are obtained
using the present coupled method.

Conclusions

A coupled Euler/boundary-layer method to calculate hyper-
sonic flows in chemical nonequilibrium has been presented.
This method utilizes the robust computational techniques de-
veloped in the past for both the resolution of the Euler equa-
tions for the inviscid flow region and the boundary-layer
equations for the viscous region. It has been shown that the
introduction of terms of second order in Re~* does not
change the basic mathematical nature of these sets of equa-
tions. Suitable techniques for the determination of the vis-
cous-inviscid interface and the matching conditions to be ap-
plied along this interface have been elaborated.

For an example of a flow case having a low Reynolds
number (and consequently a thick boundary layer) and high
freestream enthalpy (and thus strong nonequilibrium chemis-
try effects), a strong influence due to second-order effects has
been observed. It has been shown that second-order effects
play a major role in determining the wall coefficients of skin
friction and Stanton number. Moreover, the inclusion of sec-
ond-order terms has been shown to enable a good matching of
the calculated profiles at the viscous-inviscid interface for
both chemical and thermodynamical properties. The results of
the calculations presented clearly demonstrate that under these
circumstances a first-order boundary-layer calculation is not
able to determine the flow quantities with sufficient accuracy.
However, even for the somewhat extreme conditions consid-
ered, the coupled Euler/boundary-layer method employed is
able to provide a much more physical flow solution.

The surface coefficients calculated for a flow exhibiting
more modest second-order and chemical effects has shown
excellent agreement with available experimental results. To-
gether with the results of a comparison of the present method
with a thin-layer Navier-Stokes method,!® this indicates that
the coupled Euler/boundary-layer method can provide an ac-
curate and efficient calculation of nonequilibrium, chemically
reacting hypersonic flows.
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